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Abstract 
In this paper, orthogonal collocation method (OCM) is applied to solve the free vibration of nonlocal Timoshenko 
beams with various boundary conditions by using piecewise cubic Hermite polynomials (CHPs). In the numerical 
implementation, approximation solution and its space derivatives over the interval are approximated by the 
combination of the CHPs and unknown parameters. Through the generalized eigen-value problem analysis, the 
vibration frequencies of beams can be determined precisely. Form numerical analysis by using OCM sufficiently 
indicate that it has excellent convergence rate, and very close to analytical solutions. 
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1. Introduction 
In this paper, orthogonal collocation method (OCM) is applied first time to solve the free vibrations 
of nonlocal Timoshenko beams with various boundary conditions by using piecewise cubic Hermite 
polynomials (CHPs). In the OCM numerical implementation, approximation solution and its space 
derivatives over the interval are approximated by the combination of the CHPs and unknown parameters. 
Through the related generalized Eigen-value problem analysis, the vibration frequency values of nonlocal 
Timoshenko beams can be determined precisely. Form the results of numerical analysis, it is sufficiently 
to see that the vibrations of nonlocal Timoshenko beams using OCM analysis has excellent convergence 
rate, and very accurate approximate solutions. 
2. Nonlocal Timoshenko Beam 
The governing equations for the free vibration of nonlocal Timoshenko (NT) beam are given by12
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where x  is the longitudinal coordinate measured from the left end of the beam, I  is the rotational 
angle due to bending, w  is the transverse displacement, E  is the Young’s modulus, I  is the second 
moment of area, sK  is the shear correction in the Timoshenko beam, G  is the shear modulus, A  is the 
cross-sectional area of the beam, U  is the mass density of the beam material, Z  is the circular frequency 
of vibration, 0e a  is the scale coefficient that incorporates the small scale effect. Note that a  is the 
internal characteristic length and 0e  is a constant appropriate to each material. 
The bending moment M  and shear force Q , respectively, defined as 
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The two boundary conditions associated with a nonlocal Timoshenko beam at each end of the beam 
can be described by following forms 
(1) simple supported: 
0w  , 0M  (5) 
(2) clamped: 
0w  , 0I  (6) 
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(3) free: 
0M  , 0Q  (7) 
Introducing the following non-dimensional terms: 
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where L  is the length of the beam, 2O  is the frequency parameter, :  is the shear deformation 
parameter, D  is the scaling effect parameter, and [  is the slenderness ratio. 
Therefore, the governing equations for the free vibration of nonlocal Timoshenko beam can be 
written as 
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Similarly, the non-dimensional bending moment M  and shear force Q  can be written as 
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The non-dimensional boundary conditions can be written as 
(1) simple supported: 
0w  , 0M  (13) 
(2) clamped: 
0w  , 0I  
(14) 
(3) free: 
0M  , 0Q  
(15) 
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By neglecting the effect of small scale effect (i.e. 0.0D  ), Eq. (9) and (10) can be reduced to the local 
Timoshenko (LT) beam24:
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3. Orthogonal Collocation Method (OCM) 
Consider the interval 0 1xd d , which is split into N  meshes of uniformly equal length 1h N 
by the natural knots ix , 0, ,i N   such that 0 10 1Nx x x      , throughout this paper. 
Because the governing equations for the free vibration of nonlocal Timoshenko beam are the 
simultaneous second-order ordinary differential equations, then the basis functions for I  and w  must be 
at least 2C  continuous. The piecewise cubic Hermite polynomials (CHPs), a polynomials of degree three 
and continuous up to second-order differential, which are defined as follows15 :
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Note that the values of the CHPs ( )i xM , 1, , 2 2i N  , and all their first and second 
derivatives vanish outside the interval > @1 1,i ix x  , as shown in Figure 1. 
The approximation solution I  and w  to the exact solution I  and w , respectively, can be 
expressed in terms of the CHPs as its basic functions: 
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where ( )i xM  is CHP, i[  and i]  are unknown coefficients to be determined. 
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Applying orthogonal collocation method (OCM) to solve the free vibration of nonlocal Timoshenko 
beam numerically, the collocation at Gaussian knots using CHPs will give an order 4h  algorithm, for 
approximating the unique solution to a second-order boundary value problem15. The additional two-point 
Gaussian knots, 1ˆ jx  and 2ˆ jx , used between each pair of neighboring natural knots, 1jx   and jx , shown 
in Fig. 2, defined as 
1 1
ˆ
j jx x J  , 2ˆ j jx x J  , 1, ,j N  (21a,b) 
where (1 1 3) 2hJ   , 1 1j jh x x N   .
Substituting Eqs. (21) into Eq. (9) and Eq. (10) and its evaluation at the Gaussian knots obtains a 
linear system of ODEs of i[  and i]  as 
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Similarly, the non-dimensional bending moment M  and shear force Q  can be approximated as 
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In general, after substituting the coordinates of the all Gaussian knots with total number 2N  into 
Equations (22) and (23), and boundary natural knots ( 0 0x   and 1Nx  ) with total number 4 into the 
non-dimensional boundary conditions in Eqs. (13-15), then form a well defined linear system of O.D.Es. 
with the matrix form 
2O Ax Bx
(26) 
Where 
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are unknown coefficients vector. 
Consequently, the eigen-values 2O  (frequency parameter) and eigen-vectors x , can be determined easily 
by solving the eigen-value problem of Eq. (26). Then, mode shapes can be obtained by Equations (20). 
4. Numerical Examples And Discussions 
 
4.1 Numerical example 
Consider a simply supported armchair single wall carbon nanotube (SWNT)12 with diameter 
0.678 nmd  , various lengths 10 , 20 , 30L d d d  and with the following assumed mechanical 
parameters : Young’s modulus 5.5TPaE  , Poisson’s ratio 0.19Q  , effective tube thickness 
0.066 nmt  23, shear correction factor s 0.563K  24.
Defined frequency ratio as 
NT
LT
RO
O
O
 
(28) 
where subscripts LT and NT denote the local Timoshenko beam model and nonlocal Timoshenko beam 
model. 
4.2 Convergence study 
Convergence of the first five frequency of nonlocal Timoshenko beams with three types boundary 
conditions, simply supported, clamped–simply supported, clamped, cantilever, are shown in Table 1 and 
Figure 3. It is sufficiently to indicate that using 30 natural knots by OCM are enough to obtain very 
accurate results. 
4.3 Simply, clamped–simply supported, clamped, and cantilever nonlocal timoshenko beam 
In Table 2~5, sample frequency parameters for Simply, Clamped–simply supported, Clamped, and 
Cantilever nonlocal Timoshenko beams with 10L d   are presented, respectively, for the first five 
frequency parameters for various scaling effect parameters 0 0.0,  0.1,  0.3,  0.5,  0.7e a LD   .
Note that the results associated with 0.0D   correspond to those of the local Timoshenko beam where 
the small scale effect is ignored. Figure 4, 6, 8, 10 show the first five mode shapes of simply supported 
nonlocal Timoshenko beam with various values of the small scale effect parameter 0.0,  0.3,  0.7D  .
Note that the mode shape associated with 0.0D   corresponds to the mode shape for the local 
Timoshenko beam. Figure 5, 7, 9, 11 confirm, respectively, this point by showing the different variations 
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of the frequency ratio versus the scale coefficient for the first five vibration modes with different length-
to-diameter ratios. 
5. Conclusions 
The orthogonal collocation method (OCM) is successfully applied to the solution of the free 
vibration of nonlocal Timoshenko beams with various boundary conditions in this paper. It can be seen 
that OCM has simple and easy computing process. Based on the excellent convergence of OCM, the free 
vibration of OCM analyses for nonlocal Timoshenko with various boundary conditions are very close to 
the exact solutions. Consequently, it is believed that OCM will have more applications developed in the 
near future. 
Table 1: Convergence of the first five frequency parameters O  for nonlocal Timoshenko beams with 
10L d   and 0.0D  .
 Mode number 
n h 1 2 3 4 5 
  Simply supported beam 
4 0.250 3.1199 6.1251 8.9467 12.413 14.393 
30 0.033 3.1086 6.0380 8.6830 11.022 13.085 
Exact12 3.0929 5.9399 8.4444 10.626 12.541 
  Clamped–simply supported beam 
4 0.250 3.8332 6.699 9.3287 12.682 14.663 
30 0.033 3.8177 6.6062 9.0979 11.309 13.278 
Exact12 3.7845 6.4728 8.1212 10.880 12.707 
  Clamped beam 
4 0.250 4.5217 7.2147 9.651 12.981 14.901 
30 0.033 4.5038 7.1223 9.4748 11.572 13.458 
Exact12 4.4491 6.9524 9.1626 11.113 12.863 
  Cantilever beam 
4 0.250 1.8651 4.5619 7.4087 9.9126 13.347 
30 0.033 1.8657 4.5406 7.3052 9.7481 11.917 
Exact12 1.8610 4.4733 7.1072 9.3813  
Table 2~5 are first five frequency parameters O  with 10L d   and various scaling effect 
parameters 0e a LD   for Simply, Clamped–simply supported, Clamped, and Cantilever nonlocal 
Timoshenko beam, respectively. 
Lai-Yun Wu et al. / Procedia Engineering 14 (2011) 2394–2402 2401
Table 2 Mode number(Simply supported) 
D Method 1 2 3 4 5 
0.0 
OCM 3.1086 6.0380 8.6829 11.022 13.085 
Exact12 3.0929 5.9399 8.4444 10.626 12.541 
0.3 
OCM 2.6648 4.2609 5.3832 6.2887 7.0688 
Exact12 2.6538 4.2058 5.2444 6.0228 6.6333 
0.7 
OCM 2.0174 2.9517 3.6392 4.2111 4.7116 
Exact12 2.0106 2.9159 3.5453 4.0283 4.4107 
Table 3 Mode number(Clamped–simply supported) 
0.0 
OCM 3.8177 6.6061 9.0978 11.308 13.278 
Exact12 3.7845 6.4728 8.1212 10.880 12.707 
0.3 
OCM 3.2357 4.6847 5.7306 6.5876 7.3324 
Exact12 3.2115 4.6013 5.5482 6.2641 6.8277 
0.7 
OCM 2.4223 3.2581 3.8958 4.4352 4.912 
Exact12 2.4059 3.2003 3.7666 4.5528 4.8326 
Table 4 Mode number(Clamped) 
0.0 
OCM 4.5038 7.1222 9.4747 11.571 13.458 
Exact12 4.4491 6.9524 9.1626 11.113 12.863 
0.3 
OCM 3.8332 5.0593 6.0789 6.8579 7.5975 
Exact12 3.7895 4.9428 5.8460 6.4762 7.0170 
0.7 
OCM 2.8715 3.5015 4.1716 4.6205 5.1300 
Exact12 2.8383 3.4192 3.9961 4.3455 4.6986 
Table 5 Mode number(Cantilever) 
0.0 
OCM 1.8657 4.5406 7.3051 9.748 11.917 
Exact12 1.8610 4.4733 7.1072 9.3813 11.381 
0.3 
OCM 1.9054 3.7057 5.2085 6.0232 7.0103 
Exact12 1.8999 3.6594 5.0762 5.7875 6.5834 
0.5 
OCM 2.0105 2.9181 — — — 
Exact12 2.0024 2.8903 — — — 
Figure 2: The knots for orthogonal collocation method (OCM). 
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Figure 4: First five mode shapes of simply supported nonlocal Timoshenko beam with 10L d   and various small 
scale effect parameters 0.0,0.3,0.7D  
.
Figure 5: Small scale effect on the first five frequency ratio for simply supported nonlocal Timoshenko beam with L d = 10, 20, 
30. 
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